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Abstract

The third generation (3G) mobile communication system uses a technique called code division
multiple access (CDMA), in which multiple users use the same frequency and time domain.
The data signals of the users are distinguished using codes. When there are many users,
interference deteriorates the quality of the system. For more efficient use of resources, one
wishes to allow more users to transmit simultaneously, by using algorithms that utilize the
structure of the CDMA system more effectively than the simple Matched Filter (MF) system
used in the proposed 3G systems. In this paper, we investigate an advanced algorithm called
hard-decision parallel interference cancellation (HD-PIC), in which estimates of the interfering
signals are used to improve the quality of the signal of the desired user. We compare HD-PIC
with MF in a simple case, where the only two parameters are the number of users and the
length of the coding sequences. We focus on the exponential rate for the probability of a bit-
error, explain the relevance of this parameter, and investigate how it scales when the number
of users grows large. We also review extensions of our results proved elsewhere showing that
in HD-PIC, more users can transmit without errors than in the MF system.

1. Introduction and results

1.1. Introduction

In this paper, we study the performance in the third generation (3G) mobile communication
system, which is based on a technique called code division multiple access (CDMA). In the
first generation (1G) of mobile communication systems, each users is assigned a frequency, like
radio. By the increase of the number of cell phones, this system is no longer possible. In the
second generation (2G), which is often called GSM, different users send and receive on the
same frequency, and the signals are separated by assigning each user a time window in which
he or she can transmit. This system is not very efficient, since it is hard to adapt to changing
numbers of users. Therefore, the allowed time and frequency window is not used optimally. In
the third generation systems, users are distinguished by their coding sequences, which gives a
flexible system, in which the amount of bandwidth is used more efficiently.

We start by explaining the mathematical model behind CDMA. Suppose that k users
transmit data across a channel simultaneously. In order to do so, each user multiplies his data
signal by an individual coding sequence. At the receiver, the signal of the m™ (1 < m < k) user
can be retrieved by taking the inner product of the transformed total signal and the m'" coding
sequence. When the coding sequences are orthogonal, all data that does not originate from the
m'™ user will be annihilated. Avoiding interference at any cost is expensive and not efficient,
and in practice, almost-orthogonal codes (like pseudo-random codes) are used. The technique
of coding signals in order to transmit various signals simultaneously is known as code division
multiple access (CDMA), see for example [26]. We next give a mathematical description of

* Postal address: Faculty ITS, Delft University of Technology, Mekelweg 4, 2628 CD Delft, the Netherlands.

* Current address: Department of Mathematics and Computer Science, Eindhoven University of Technology,
P.O. Box 513, 5600 MB Eindhoven, The Netherlands

** Current address: ORTEC BV, Orlyplein 145c, 1043 DV Amsterdam, The Netherlands



2 R. VAN DER HOFSTAD AND M.J.KLOK

CDMA systems. We define the data signal by, (t) of the m™ user as by, (t) = by, /77, for
0<m< k-1, where

bm = ( . .,bm7_1,bm0,bm1,. . ) S {—1,+1}Z

and where for x € R, [z] denotes the smallest integer larger than or equal to x. For each
m, 0 < m < k— 1, we have a sequence @y, = (...,am 1, @m0, Am1,---) € {—1,+1}% and we
put @, (t) = @y, 1¢/7.7, where T, = T'/n, for some integer n. In practice, the value of n ranges
from 32 — 512. The transmitted coded signal of the m™ user is then

Sm(t) = V/2Pp, by (t)am (t) cos(wet), 0<m<k-—1, (1)

where P, is the power of the m'™® user and w, the carrier frequency. The factor cos(w.t) is

used to transmit the signal at frequency w,.. The variable n is often called the processing gain
and this can be understood by explaining the military origins of CDMA, see [28]; CDMA turns
out to reduce the signal-to-noise ratio of the transmitter and the jammer by a factor n. The
code a,(t) is known to the transmitter (e.g., the mobile phone of the transmitting person)
and to the base station. Transmission from phone to base station is called uplink!, whereas
transmission in the other direction is called downlink. We will continue with the mathematical
description. The total transmitted signal is given by

r(t) =) si0). (2)

In practice, the signals do not need to be synchronized, i.e., it is not necessary that all users
transmit using the same time grid. However, for technical reasons we do assume so. For
simplicity, we assume that the noise on the channel is negligible, so that the transmitted and
received signals agree.

To retrieve the data bit b,,0, the signal r(¢) is multiplied by a,, (t) cos w.t and then averaged
over [0,7]. In practice w.T. is large; the carrier frequency (w.) is much higher than the
bandwidth (2A) in electrotechnical terms. For simplicity, we pick w.T, = 7 f., where f. € N
to get (cf. [10], Eqn. (3)-(4))

Lo ) Al L&
T/o (t)am(t) cos(wct) dt = 5\/ﬁbml + ; 5\/2Tjjbjlg ;aﬁami' (3)

JFm

The above procedure is the one used in 3G systems, and is often referred to as Matched
Filter (MF). As is seen from (3) the decoded signal consists of the desired bit and interference
due to the other users. In the ideal situation the vectors (am1,...,am.n) and (a;1,...,a;n),
j # m, would be orthogonal, so that Z?:l ajiam; = 0. In practice, the a-sequences are
generated by a random number generator. To model the pseudo-random sequence a, let A,,;,
m=0,1,....,k—1,7=1,2,...,n, be an array of independent and identically distributed
(i.i.d.) random variables with distribution

P(Api = +1) = P(Ay; = —1) = 1/2. (4)

In practice, the a-sequences are not chosen as i.i.d. sequences. Rather, they are carefully chosen
to have good correlation properties. Examples are Gold sequences [8] or Kasami sequences [17].
Sometimes better performance can be achieved for well-chosen deterministic codes. However,
it is common in the literature to use random sequences, so that a detailed analysis of the
performance in the system is possible. Assuming the coding sequences to be random, we
model the signal of (3) as

k—1 n

1 1 1

5\/ 2Pmbm1 + E 5\/2ijjlﬁ E AjiAmi-
j=0 =1

i#m

IThe term uplink is a carry-over from satellite communications
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An estimator for b,,; is given by

k—1 n

R 1 1 1

bfﬁ)l = sgnr{Q\/ﬁbml + E 5\/27ijjlﬁ § :AjiAmi}’
j=0 =1
j#m

where, for z € R, the randomized sign-function is defined as

+1, x>0,
sgnr(z) = U x=0, with PU=-1)=PU=+1)=1/2. (5)
-1, z <0,

In the presence of noise, the randomized sign-function never needs to be used. However, since,
for simplicity, we assume the channel to be noise-free, we need to introduce it. The random
variable U is independent of all other random variables in the system and every time we need
the sgnr-function another independent trial U is performed.

The above system is called the Matched Filter (MF) system, and will be used in the 3G

telecommunication systems. The superscript () indicates that Birll)l is a tentative decision.
Below we will show how we can improve the estimates. We are interested in the probability of
a bit-error, i.e., in P(IA)SL)l # bim1), since this is a good measure for the quality of the system.
We can investigate this probability using Gaussian approximations [14], [18], [23], or other
approximation techniques [22], [30], [33]. Since the receiver described above is designed for
unspecified random noise, a signal-to-interference threshold limits performance. However,
interference experienced in a CDMA system is different from completely random noise, and
this fact can be exploited to achieve better performance. Receivers that exploit information of
the system (mainly the cross correlations of the codes) are often denoted by advanced receivers
or multiuser detection receivers. For an overview, see [24] and [3].

The best known multiuser detection systems technique is a mazimum likelihood estimator,
introduced in [35], which obtains jointly optimum decisions for all users using maximum
likelihood detection. Unfortunately, this technique is of such high complexity that it cannot
be performed real-time. A more straightforward technique is called interference cancellation
(IC). The idea is that we try to cancel the interference due to the other users (i.e., the users
with subscript j # m). According to [27], IC is seen as “the most promising and the most
practical technique for base-station (uplink)receivers”. For mobile interfaces (downlink), such
as mobile phones, IC is not practical because it demands that each mobile interface has access
to all codes. This is clearly not desirable for security reasons. However, orthogonal codes
can be used downlink, since unlike for uplink communication, downlink the signals will be
synchronized, so that reducing interference is of less concern. Also, blind estimation schemes
exist that can improve performance in the downlink communication, see [32]. These blind
schemes do not require a priori information on the structure of the interfering signals.

1C comes in many flavours. We will now explain the multiuser detection system that we will
focus on in this paper, which is called hard decision parallel interference cancellation (HD-PIC)
(see [2], [4], [16], [21], [34] and the references therein). HD-PIC is seen as “the most promising
IC scheme for the uplink” (cf. [26]). A variation is soft decision PIC, which we have investigated
in [10], and will be explained below. Also serial IC is proposed (cf. [15], [25], [29]), in which the
interference is cancelled one user at a time, while in the parallel approach all users attempt to
cancel their interference at the same time. We will not treat the serial IC system in this paper.

The hard decision procedure is described below. Various techniques exist that are able to
estimate the powers P, with high accuracy (cf. [27], Sect. 7.3), so we may assume that the
powers P, are known. When it turns out that the power cannot be estimated reliably, one can
instead estimate \/P,,bm1, resulting in the soft-decision procedure. In this paper we assume
that we can estimate the power superiorly compared to the bits. We estimate the data signal
s;(t) for t € [0,T] by (recall (1))

§9() = V2P ag(t) cos(wet). (6)

Then we estimate the total interference for the m*™ user in r(¢) due to the other users by (recall
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j=0
J#m

We use the above to find a better estimate of the data bit b,,1:
R 1 [T
bg)l = sgnr{T/ (r(t) — fﬁ,{)(t))am(t) cos(wct)dt}
0

1 ey 18
sgnr{2\/2Pmbm1 + Z: §\/2Pj <n ;AﬁAm> ( - b(l)) } (7)

j#Fm

We are now interested in P(b( ) # b1 ), which is the probability of a bit-error after one stage of

interference cancellation. We will see that this probability is indeed smaller than P(Bg,ll)l #bm1),
the probability of a bit-error without cancellation. This motivates a repetition of the previous

procedure. We obtain, similarly to (7), the estimates 1352)1

) = sgnr{ V2P,bym1 + Z \/ﬁ (ii_ZlAﬁAmi> ( - b(s 1))}
J#m -

This is called multistage HD-PIC. When we have applied s steps of interference cancellation
we speak of s-stage HD-PIC and the corresponding bit-error probability is P( SH) # bn)-

In this paper, we will investigate the bit-error probability, and see to what extent HD-PIC
decreases the bit-error probability. For completeness, let us also describe soft decision parallel

interference cancellation (SD- PIC) In this case, rather than estimating /2P; b;y by \/2P; b§11)
in (6), we estimate /2P;b;1 in (6) by

\/ﬁbjl + Z V 2}lellf ZAlz Jis (8)

l#J

and then the computation in (7) is performed with this new estimate. This is 2-stage SD-PIC,
and for multistage SD-PIC the above steps are repeated. SD-PIC has the main advantage that
the powers do not need to be known. Moreover, the idea behind SD-PIC is that when Z ](-1) is
close to 0, then we are not very sure that we have estimated the bit b;; correctly, and therefore,
the estimator should have less weight in the IC scheme.

2. Reformulation of the problem

We can write the probability of a bit-error in a more convenient way, and show that without

loss of generality, we may assume that bj; = 1forall j =0,...,k—1. Namely, because b, =1,

we have

1 k—1 1 1 n 1 k—1 1 1 n

5 V 2Pmbm1+jz_; 5 V 2ijjlﬁ ; AjiAmi = bml <2 V 2Pm+jz=0: 5 V 2Pj5 ; blejibmlAmi>-
Jj#EmM JjF#EmM

. d
Since Aj;=bj1Aj;, we have

Jis
Ay b(1)1 1 1 1 1
P(by 7 bm) = P | 322 # 1] = P(sgur(Z[,)) < 0) = P(Z)) < 0)+ 5 P(Z})) = 0),
where 27(71)7 for 0 <m < k — 1, is defined as

A «/2P + w/QP A i A
J

Hém
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Therefore, the bit-error probability is independent of the actual values of b1, and we may
assume that b;; = 1 for all j = 0,...,k — 1. In a similar way, we define for s > 2 and
0<m<k-1,

k—1 n
1 1 1 _
(s) — = - - A ) _ (s—1)
280 = 5V + 3 (nz 2\/2P]ANAW> [1— sgnr(207V)), (9)
].?;m 1=
to obtain )
P(h®) # bpy) = P(Z8) < 0) + = P(Z2) = 0). (10)

2

This formula allows us to compute the exponential rate of the bit-error probability, as we will
explain in more detail in the following section.

1.3. Results

In this paper, we describe the behaviour of the probability P(I;ffl)l # byp1) in the asymptotic
case n — o0o. These bit-errors are rare events as n — oo, therefore we focus on the rate at
which this probability tends to zero, i.e., we investigate

HY = — lim llogP(i)ﬁj{ # ). (11)
n—oo n

Clearly, the above exponential rate is a function of all the powers. To reduce the number
of parameters in the system, and since we will be especially interested in the case where the
number of users k is large, we will for simplicity assume that all powers are equal, and without
loss of generality, we may then assume that all powers are equal to 2. In practice, this is called
perfect power control. In this case, the only parameters in the system are n and k, and we
will be interested in the limit when first n grows large, followed by k growing large. When
the powers are equal, the random variables Z(gs), Zfs), e Z,gi)
suffices to consider the case where m = 0.

We will now explain the relevance of the exponential rate as a performance measure. Clearly,
nH (140(1))

, are exchangeable, so that it

for large n, the bit-error probability can be written as e™ . The bit-error probability
is mainly characterised by its exponential rate, and a small increase of the exponential rate
for n large leads to a large decrease of the bit-error probability. Therefore, we can think of
the exponential rate of the bit-error probability as a convenient measure of performance, and
one can compare the performance in two systems by comparing the exponential rates of their
respective bit-error probabilities. From a practical point of view, this is indeed convenient, as
the exponential rate is a single number, rather than a sequence of numbers such as the bit-error
probabilities for various values of n. Therefore, for two systems with the same number of users,
to compare the efficiency of the two systems, we can simply compare the two exponential rates
of the bit-error probabilities to gain theoretical insight in the performance of the two systems.
Moreover, even though the exponential rate only arises in the limit as n — oo, the asymptotic
approximation that log P((;(S) % b)) = —nH,gs) + o(n) can also be used when k and n grow

ml

large simultaneously. In fact, the main results in this paper compute the asymptotics of H ,gs) for
k large, and this asymptotics can be used directly to give bounds on the bit-error probability.
See Section 1.5 for a more detailed explanation. In particular, we can show that there are
values of k = k,, such that the MF system, used in the current 3G systems, will have bit-errors
with large probability, while the HD-PIC system for s > 2 does not. Finally, in [11, Section
IL.E], it is argued that the exponential rate of a bit-error, especially in lightly loaded systems
(i.e., systems where the number of users is small compared to the code length n), is a better
measure of performance that the more commonly used signal-to-noise ratio, which compares
the mean and variance of the signal. Indeed, a signal-to-noise computation is often based on
underlying Gaussian assumptions, which are not satisfied in the lightly loaded systems.

We now describe results concerning the exponential rates H ,Es). First of all, note that the
probability that there exists a bit-error is bounded by

P(b$) # b)) P30 <j <k —1:0%) £bj1) < kPO # b)), (12)
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so that the exponential rate of the existence of at least one bit-error in stage s is also given
by H,gs) in (11). This implies that the map s +— H,Es) is non-decreasing. Indeed, to have a
bit-error at stage s, it is necessary to have a bit-error at stage s — 1. As a consequence of our
results, we will see that H ,gs) >H ,53_1) when k is sufficiently large, so that multistage HD-PIC
significantly decreases the probability of a bit-error.

For k = 1, there is no interference due to other users and therefore in this case P(Zés) <

0) =0, for all s. For k = 2, i.e., for two users something peculiar happens. It is readily seen
that for k = 2,

1 . . IRS
Zé ) — 0 if and only if - Zl A1iAy = —1

and Zél) > 0 otherwise. As a consequence, the event Zés) = 0 involves only one atom and we
see that P(sgnr(Z$”) < 0) = (1/2)"*! and thus H{” = log2. In the remainder of the paper
we will only consider the case that & > 3. In [10] it is shown that the exponential rate without
interference cancellation H ,51) (denoted there by Ij), for k > 3, is given by!

k-2  [(k-2\ k k
HY =P 2100 (D22) 1 Bpog( ).
k 2 °g<k—1> *3 Og(k—l)

For 1/k — 0, a Taylor series expansion yields
1 1
HY = — — ). 1
TRV (13)
We can summarise this result by writing that

P(b) # by1) = e~ 2 (AFo0), (14)

where o(1) converges to zero when first n — oo and then k& — oco. This result can also be seen
as a kind of central limit theorem (CLT) result, since for k and n large the CLT states that

with EZ = 1, var(Z\V) = k/n,
1og P(h) # byy) = (1 + 0(1)) log Q(v/n/k),

where Q(z) is the probability that a standard Gaussian random variable exceeds the value z.
Furthermore, it is well-known that on an exponential scale, we can approximate

Q(z) = e /20F0(1),

so that we again arrive at (14).

For k large, H ,il) converges to 0 as 1/(2k), which limits the number of users in the system.
We will describe this in more detail in Section 1.5 below. We now describe our main results.
We will start by computing the exponential rate when s = 2 in the next theorem:

Theorem 1. For every k > 3,

1
H® = — lim —logP(2{* <0)
n—oo N,
exists, and is equal to
H,E,Q) = min H,gz, where H’izz = sup {—loghi, (1)}, (15)
1<r<k—1 ’ ’ te(—o00,0]2
with i,
D S B T
j=—r,—r+2 2

LA different definition of the sign function is used there, but this does not influence the results.
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The above result shows that for k fixed, the bit-error probability is exponentially small, and
gives an explicit expression for its exponential rate. The variable r appearing in (15) arises
as the number of bit-errors in the first stage MF system. In Section 1.4, we give numerical
results for H Igz) showing that H, ,§2) > H ,gl) for £ > 3, so that HD-PIC substantially improves
performance compared to the MF system used in the current 3G wireless communication
systems.

In Theorem 1, the description of H ,52) is explicit, but already rather involved. In principle,
a similar result should hold for all s > 2, but the formula would not be very illuminating, as
it wold involve minima over various variables related to r and suprema over variables related

to t,s. Therefore, instead of computing the explicit value of H ,gs), we compute its asymptotic
when k becomes large. In fact, from a practical point of view, one would like to allow for as
many users as possible in the system, so that one is naturally lead to the problem of asymptotics
for k large. In Section 1.5, we will describe consequences of this asymptotic behaviour on the
number of users allowed so that no bit-error arises. We are now ready to characterize the

asymptotic behaviour of H ,is). Our main result is the following theorem:

Theorem 2. Fiz 1 < s <oo. As k — oo,

)

Note that for k = 1, we obtain (13), while for s = 2, we obtain

Y = =+ 0. (18)

When we think of H ,gs) as a performance measure of the system, we see that for very large
k, each application of HD-PIC dramatically increases the exponential rate of the bit-error
probability, thus dramatically decreasing the bit-error probability. We will describe a number
of consequences of the above result in Section 1.5 below.

1.4. Heuristics and numerical work

In this section, we give a heuristic explanation of the main results in Theorems 1-2. As
shown in Theorem 1, for s = 2, we are able to compute the exponential rate in two steps. First
we calculate the exponential rate of the probability of the event that {Zé2 < 0}, intersected

with the events {sgnr(ZT(rp) < 0} for m = 1,...,r and the events {sgnr(Z( )) > 0} for m =
r+1,....k—1,ie,

ngzr) =— lim — logP< max sgnr(Z(l)) 0, 12151_ sgnr(Z1) > 0, sgnr(Z(gz)) < 0). (19)
" n—oo n m2r
In (19), the variable r stands for the number of bit-errors in the MF stage s = 1. We obtain

from (9) on the intersection with the events {maxj<m<, sgnr(Z( )) < 0} and {min, 11<m<k—1
sgnr(an ) > 0} that Z(g ) has the form

Z®P =1+ 22T: % iAjiAliz
j=1""4=1

where the bar denotes that sgnr(Zfﬁ)) is replaced by its corresponding value. We will show
that the rate in (19) equals

n—oo n 1<m<r m>r+1

— lim logP( max Z(Y <0, min zZY >0, sgnr(Z( )) < 0). (20)

We specify the latter rate as the solution of a 2-dimensional minimization problem given in the
second equality in (15). The desired rate H ,EQ) is therefore given by the first equality in (15).
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0.7
0.6
k T 0.5}
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{10,...,26} 2
{27,...,51} 3 0.3
{52,...,84} 4
{85,...,125} | 5 0.2r
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number of users k
TaBLE 1: Optimal r FIGURE 2: Exponential rates H,?i forr=1,...,5

indicated with o, a, ¢, x, x respectively.

The above result specifies H ,22) for fixed k. We now heuristically explain Theorem 2. We
prove that for r — oo and r/k — 0,

ngmi—ks%, (21)
from where we prove (17) for s = 2.

We will next give a heuristic explanation of (17). For simplicity we stick to s = 2 and
argue that (21) holds. The case s > 2 can be argued similarly. Observe that EZ,(,%) =1,
so that in the large deviation setting one expects Z},}) to be positive. Indeed, it turns out
that the event {min,,>,41 z) > 0} in (20) does not contribute to the rate. Independence of

{Z{l), ce, Zﬁl), Z((f)} is clearly false for finite k, but we can prove asymptotic independence as
k tends to co. More precisely, we prove that

1 - 1 _ T
~ lim -~ 10gP<Z(()2) <0, max zZM < o) ~ - lim 1og{P(Z§E) <0) Elp(z,g) < 0)}

and using exchangeability this yields

1 - 1 _
— lim — 1og{P(Z(§2) <0)Pzi! < 0)7”} = — lim —logP(Z® <0)+rH".

n—oo N n—oo n

The second term on the right-hand side is asymptotically r times 1/(2k). The first rate is
similar to the second rate, except for the additional factor 2 and the replacement of k by r.
This gives for the first rate an asymptotic value of 1/(8r). Together this yields (21). A similar
heuristic argument holds for any s, yielding (17).

We next illustrate the above results using some numerical work. In Table 1, r, the value of r
which minimizes H. 1222, is given in terms of k, calculated using standard numerical optimization
tools. In Figure 2, H,izg is given for » = 1,...,5. It is seen that the values of k where 7y
increases are more spread for large k. The asymptotic behaviour shows that those points
should be quadratic in k, since 7, ~ Vk/2 (this follows from & (% + &)|r=r, = 0, and is
proved in Theorem 5 below).

Figure 3 shows H ,gs) and its asymptotic behaviour for s = 1,2,3. The results for s = 3 are
obtained using similar, but more involved methods. It is seen that for s = 1, the asymptotic
values are very close to the exact (numerical) results. For s = 2, the rates also converges quite
fast to their asymptotic values, but the convergence is slower than that for s = 1. For s = 3,
there is a significant difference between the exact and the asymptotic result. This is explained
by the error term O(k~'/%) (see (17)), which tends to 0 more slowly when s is large.
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FIGURE 3: Exponential rate Hj, (o, »,¢) and its asymptotic behaviour §\5/% (4, %, o)

for s = 1,2, 3 respectively.

1.5. Discussion, extensions and open problems

The main result in this paper is Theorem 2. We now discuss a number of its consequences
and extensions proved elsewhere. Of course, in practice, one is also interested in letting k£ and
n grow large simultaneously. In [11], Theorem IL.5, this case was investigated, and one of the
results reads as follows:

Theorem 3. For all s > 1, when k,, — oo such that k, = o(-2-),

logn

Vkn (s ;
lim — Y 10g P(6) # by ) > gx/i. (22)
n—oo n
The same constant appearing in Theorem 2 appears when k, = o(lOTg‘n). An important
observation in the proof for s = 2 is that by the Chernoff inequality, for all r, k and n, and all
permutations mq,...,mg_q of 1,...,k — 1, we have
(2)
P<1r£1a<x sgnr(Z,(,}i)) <0, v>mi£1 sgnr(Z,(,}i)) >0, sgnr(Z(g?)) < O) < e nH) (23)

Similar bounds hold for s > 3. The proof is completed by comparing the number of choices of

Mi,...,My t0 e " ’(fgl This once more explains the practical relevance of the large deviation
results presented in this paper.

In a different vein, in [12], the question is addressed when bit-errors appear when k, is of
order —=2—. One of their main results is the following result:

logn*
Theorem 4. When k,, — oo such that k,, = ﬁ with v < 2,
lim P(30 <j<k—1:0) #0b;1) =1 (24)

In particular, the MF system needs to be very lightly loaded not to have any bit-errors, which
again makes the large deviation results more useful in practice.

In [12], also Theorems 2 and 3 are used to show that when k, = -/ with v > 2, then
the above probability converges to 0. This shows that we can increase the maximal number of
users asymptotically by a factor of at least 2 without creating bit-errors when we use at least
one stage of HD-PIC. We summarise the above extensions by concluding that the combined
results in this paper, in [11] and in [12] shed light on the number of users that the system can
maximally allow in the simple MF system, and how this number can be increased by using
HD-PIC.

The model that is treated in this paper is rather simplified. We assume that the only noise
present is due to the interfering users. Furthermore, we assume that all signals are received
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with the same power. The same model assumptions on the powers and the absence of other
noise sources are used in many of the papers on the approximation of the bit-error probability
for the system without interference cancellation, for example [14], [22], [23], [33]. The simple
model allows us to investigate the effect of (multi-stage) HD-PIC. However, it is of practical
interest to know the behaviour of the system in the case that signals of different users arrive
with different powers. Another extension involves additive noise that does not originate from
users in the system. It is common to model this with a white noise process. In [19], the
exponential rate for the 1-stage HD-PIC system is investigated for the model in which unequal
powers and additive noise is taken into account. The result is similar in spirit as Theorem 2 for
s = 2, and basically shows that the exponential rate when s = 2 decays to zero as the square
root of the exponential rate for s = 1, using similar techniques as presented in this paper.
Another interesting issue is the behaviour of the system when the number of users is fixed
and s — oo. In [11], this question is addressed, and it is shown that when we apply sufficiently
many stages of HD-PIC, then the exponential rate becomes at least %log2 — i for all k > 2.
Related results are shown when k& < dn with 6 > 0 sufficiently small, again illustrating the
relevance of using HD-PIC. From a practical point of view, however, it is not clear what is the
relevant limiting regime, s fixed and k — oo or rather s — oo and then £ — oco. This practical
issue depends on the number of stages of HD-PIC that can be performed in real-time.
Finally, related scaling results as in Theorem 2 are proved in [6], [7] for a system with an
arbitrary number of stages of soft-decision PIC. The proof uses a relation between the eigen-

values of a certain matrix of cross correlations and the performance of SD-PIC. Unfortunately,

only a lower bound of the form J,Es) > 4\51/% is given, where J,is) is the exponential rate of the

bit-error probability for the s-stage SD-PIC system.
1.6. Organization of the paper

The paper is organized as follows. In Section 2, we prove the analytical representation for
H ,52) in Theorem 1. In Section 3 we prove the asymptotic behaviour of the exponential rate
for s = 2 when & — oo in Theorem 2. In Section 4-6, we treat the asymptotic behaviour of the
exponential rate in Theorem 2 for general s.

2. Exponential rate for s = 2: Proof of Theorem 1

In this section we calculate the exponential rate for s = 2. In the remainder of this section,
we will suppress the indices k,7 in hy »(t) and write h(t) = hy ,(t).

Proof of Theorem 1. Similarly to [10], we define X = {—1,+1}¥~1. Furthermore, we define
the random vectors X; € X by

X = Aoi(Ari, Asiy o, Ag—1)T, 1<i<n,

where the distribution of A;;, for 1 < j <k, 1 <i <mn, is given in (4). It is proven in [10] that
the vectors Xi,..., X, are independent and identical distributed. Their common distribution
is the uniform distribution on the finite set X, i.e., P(X; = a) = 2'7%, Va € X. Recall (9),
to obtain (with Xo; = 1) that for s > 2,

k—1 1 n

s s—1
Z =1+ (n ZinXmi> [1 - sgur(Z" V)],
j=0 i=1

=
j#m

where
k—1 1 n
ZO =14 =N XjiXoms.
n
i=0 i=1
j#m

)

We prefer X;; over Aj;, because Z(()S has the simplified expression

k—1 n
S 1 S—
Z¥ =1+ E <n E in> 11 —sgnr(Z]( D).
j=1 i=1



Improving the performance of 8G systems 11

Clearly, 1 — sgnr(+) is either 0 or 2. Thus, Z(()Q) has contribution from user m if and only if
sgnr( 7(,})) < 0. We can intersect the event {252) < 0} by the event {max,,cr sgnr( 7(,%)) <

0, min,, ¢ ge sgnr(Z,g)) > 0} and average over the sets R C {0,...,k — 1}. One verifies from
exchangeability and (5) that

k—1
k—1
23 () Pzt <0 min 20 20004230 x5 <0) )
r=1

1=1 j=1

k—1
k-1
gP(Zé”go)gZ( ) )P<maxz(1><o ,,}E}Erlz(l)>0 1+ = ZZXJZ<0>

r=1 i=1 j=1

Subsequently, we will denote Z; ) — 142 DD P j—1Xji- The bar denotes that we have
knowledge of stage 1 and we have replaced the sgnr-functions by its correct value. On an
exponential scale, the factor 2°~1 will vanish. Thus, it suffices to investigate

k—1
k—1
()< (1)> < ]
E ( , > <1I<nn%XTZ 0, mln YAS, 0,14 — E g XJZ_0>

r=1 lljl

We note that k is fixed, so that lim,, . %log (kzl) = 0. We next apply the "largest-exponent-
wins” principle on the bounds in (25) and find

— lim flogP(Z(Q) <0)= min H,fg,

n—oo N 1<r<k-1

where
1 -
ng%z = — lim logP< max Z( ) <0, min Z( ) >0, ZSZ) <0>_
' n—oo N 1<m<r m>r41
In order to show existence of H ,222 and to be able to simplify this expression, we introduce the
rate function for ¢ € R™ and b € RF—"—1,

I(a,b) = —nlingonlogP<ﬂ{Z(1)<a } ﬂ {z >bm}ﬂ{1+2ZiZXmi<0}>.
m=1 =1

m=r+1

(26)
Clearly H 1522 = I,(0,0), where 0 = [0, ...,0]”. Firstly, Cramér’s Theorem guarantees existence
of this rate, cf. [5], Thm. 2.2.30. This is based on the i.i.d. structure and a finite moment
generating function. Secondly, (a,b) — I.(a,b) is convex, cf. [13], Thm. II1.27 and monotone.
A third useful fact is exchangeability. Suppose p;(a) is a permutation of the elements of a and
p2(b) is a permutation of the elements of b. Then I,.(a,b) = I,(pi(a),p2(b)) , since within a
group, the users behave identically. We next prove that

k—1
1,(0,0) = — lim nlogP(Z Z0W, <0, Y 720, 20,2 < 0). (27)

m=1 m=r-+1
Indeed, we have that the right-hand side of (27), shortly denoted by RHS equals

min (b
> ai<0,3° b;>0

and thus, RHS < I,.(0,0). To prove the converse we use convexity and exchangeability. Denote
the argmin by a* and b* and denote by P the set of all permutations (py,p2). Then, by
exchangeability and convexity respectively

m@*,@*):ﬁ ) Ir<p1(a*>,p2<b*))zzr(|;| 3 mw% ) pz(b*)>- (28)

(p1,p2)EP (p1,p2)€EP (p1,p2)EP
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Since P is the set of all permutations, it is clear that
1 « % T
W Z pi(a’) = <Zai>[1v-'-7l]
(p1,p2)€EP

and the same obviously holds for b*. By monotonicity of I, and the fact that > af < 0 and
> bF <0, we have that the right-hand side of (28) equals

()t (X)) = 100

and it follows that RHS > I,.(0,0). We have now proven (27). The next step is to show that
the event {} -, ., z5) > 0} does not contribute to the rate. Indeed, we use Xo; = 1 and
X2 . =1 to obtain

> 2 iE_Z(Z (1 5> inXmi)) (29)

=1 =1 =0
j#m

3

n k—1 k—1

;Z(Z ZinXW-) = iéC_Zijﬂr <§Xii>2> >0

m=1 j=0

(

almost surely (a.s.), since z + 2? > 0 for € Z. Hence, if ., _, 2z <0, we necessarily have

that Zm 1 7Y >0 as. This shows that
1 - _
H? =~ lim — logP(Z z\M <o, 2 < 0>. (30)

We next observe that

|: Z:L:l Zg%) :| — 1 - |: Yu :l
=(2 —_— .
Zé ) nia Yai
where
YU:T+ Z ZszXﬂ and }/21:14’22)(31 (31)
m=1 j=0 J=1

J#Em
Similarly to (29) we obtain
ii = | )Xy +2Xﬂ 1+ Z : (32)
=1 j=r+1

We abbreviate Y; = [Yi;, Y2;]T. According to (30), we find that

@ .1 I
), = — lim —logP <nZ;YiSO>7

where for a vector x, we write x < 0 to denote that each entry of z is less or equal to 0. Note
that (Y;)_, are i.i.d. and therefore, according to Cramér’s Theorem,

H,EQQZ sup {—logEe(t’Y1>}.

t€(—00,0]?

In order to show that Ee{tY1) = h(t), we condition on > j—1 X1 = j. Then

r k—1 T
> Xn —j) = {j+j2+j > X11,1+2j]

[
=1 l=r+1
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and thus .

B (e<t,yl>
=1

Furthermore, P(}";_; X =j) = 2_T(r§
2

Bt = Y g <e<t vi)

Jj=—r,—r+2

j) precisely when j — r is even, so that

lzi;Xu =j) P(lZi;XH :j) = h(t).

We finally note that h(t) is log-convex, since it is a moment-generating function.
The next corollary identifies H. ,521) Unfortunately, we cannot calculate H ,522 for r > 2
explicitly.

Corollary 1. For all k > 3,

3 2k—5 2k -5 2k -3 2k —3
H,fl)zilogS—logQ—&— 1 log( >+ 10g< )

2k —4 4 2k —4

Proof. For r =1, (16) simplifies to
1
h(t) = 5(cosh t)k—2 (et2 + €2t1+3t2>.

Setting the partial derivatives equal to zero gives t; = = log and to = log 3— i log 3’;—:?
Substitution leads to the desired result.

3. Asymptotic behaviour for s = 2: Proof of Theorem 2 for s = 2

This section deals with the asymptotic behaviour of e kr, rr and H ,gQ) for £k — oo in
Proposition 1 and Theorem 2, respectively. In Theorem 5, we restate and strengthen the result
of Theorem 2 for s = 2 by adding the asymptotics of the number of bit-errors in the MF system
to obtain a bit-error in the HD-PIC system with s = 2. We will first state the results followed
by a proof of Proposition 1. The proof of Theorem 5 is deferred to Section 4.

Proposition 1. Forr — oo and  — 0 as k — oo,

(2)_i r r
() (e ) s

Theorem 5. As k — oo

HP = 2\1@(1 +O(¢1E>) and 1y = %\/E+O(1).

Intuitively the above statement is clear, since H 2) _ min, Hy (2 ) and minimizing 8 + 55 over r
leads to the desired result. The proof is contalned in the proof of Theorem 2 in Section 4 and
will be omitted here.

Proof of Proposition 1. The proof is divided into 2 steps. In Step 1 we prove the lower
bound, in Step 2 the upper bound. We abbreviate Ry = {0,...,k — 1}, Ry = {1,...,r} and
R = Ro\R;. Since |R{| = k — r is used frequently, we abbreviate k. = k — r. For any set
A C NU {0}, let

Sa=Y Xj. (34)
jeA
In the proof it is useful to observe that for A C NU {0}, we have ES% = |A| and that there
exist constants C,,, independent of A such that

|E ST < CpnlA™/2. (35)
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Here and throughout the proof C' denotes a strictly positive constant that does not depend on

k. C may change from line to line. To obtain the exponential rate H ,gQT) for r large and r/k
small, we will not use the expression obtained in Theorem 1. Instead, we start with expression
(30). We write t1Y11 + toY21 = Y, + Y, where (recall (31) and (32))

r 2
Y, = tl(Zle) +ty =115, + 1, (36)
j=1
I k—1 I
Yo = tiy Xp |1+ > Xj|+2t) Xji=tSkSys + 2625k, (37)
j=1 j=r+1 j=1

We shall see that only the first moment of Y, representing the part with the guadratic term,
will contribute to the rate asymptotically. Furthermore, Y, (the asymmetric part) has mean
zero and EY? = EY,Y, = EY,Y? = 0. Throughout the entire proof it is sufficient to consider
the following moments:

EY, = tir+ty, EY? = #trk, +4t3r, (38)

where we recall that k., = k —r. Using ¢V = 1 + y + y%e%¥/2 for some ¢ = ¢, € [0,1] and
e’ =1+x+22/2+ 23/6 + z*e"® /24 for some 1 = 0, € [0, 1], respectively, we write

h(t) =EeY ™Yo =1 + EY, + EY,2/2 + e(t), (39)

e(t) = EleXe¥ —1-Y, - Yf/z] = E[(l + Y+ Y e 2)er —1 - Y, — Yf/z} (40)

= E (1+}1,)(1+Ya+Ya2/2+Ya3/6+YfeﬂYa/24)+Yfe<quYa/2111,Ya2/2]

= B|Y, +Y3/6+ Y e /24 + YV, (Y, + Y22+ Y26+ Yien " /24) + YquCquY“} )
Using the symmetry of Y, this reduces to
e(t) =E {Y;e"Ya [2A+ Y (Y224 Y, Mo [24) + Y e Y ey“} . (41)

Step 1: lower bound for H,fz It is sufficient to investigate h(t) for t* = (-, —4), since

every t gives a lower bound for the supremum. Hence, we will substitute t* in (36). We bound,
using (41),

e(t’) <E <Yfe'ya/24 + Yq26|Y“> ,

since Y, < |Y,|, ¥; < 0 and ¥« < 1 a.s. Using Hélder’s inequality (9], Eqn.(7.3.6)) with
p=3/2 and g = 3 yields

e(t’) < (BY)P/RESMN 1 (B]Y ) E ST, (42)

Use (38) to get

1 r
E1+Y,+Y?/2)=1-( =
A+ 122 =1- (g4 50 )

so that h(t*) =1— (& + 7r-) te(t”). It is now sufficient to show that for ¢ = t* = (—ﬁ, -1,
we have that Ee3el is bounded and that

1 r\° 1 r\?
6* —_— 3: —_—
EY, O(8r+2kT) and E Y| 0<8r+2kr) .
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T ”

2
(2) B _ i r i r
e = log<1 <8r 2k, >+O(8r QkT) ) (43)
1 r 2 1 r 2
= ( +2k)+0< 2k:) ( +2k)+0< Qk)

which is the desired result. Thus, the remainder of this proof is focused on proving these three
statements. Clearly, by symmetry, we have Ee3Yal < 2E¢e3Ye. Using the Cauchy-Schwarz

1SR, S
inequality ([9], Thm. 3.6.9 and Thm.4.6.12) with X = ¢ m g

2
Indeed, then, according to (42), e(t*) < 0(81 + 57 > , and it follows that

V

¢ and Y = e%%25R:1 regults in

I )
Eee < \/Ee’” S Snt B edsn (44)
In order to prove that the expression above is bounded, the following lemma will be useful.
Lemma 1. Suppose A1, Ay C NU{0} are disjoint. Let Sqp = Xom1. Then E o494,

is uniformly bounded whenever g”ilﬁ{?fl <1l-¢g,0<e<] fized.

meA

Proof. Since Ay and A, are disjoint, Sa, and Sy, are independent and {0} € A; or {0} € A,
but not both. Suppose {0} & Ay. Then, using coshz < €E2/2,

|Az| 2 52 52
Sai. S X zZ|A| Ay 1—e ZAg
Eemi4194: — E( cosh mSAl <Ee?Aal Tl < EFe 2 Tl
1

When {0} € As, we apply coshz < ex */2 on SAl, resulting in the same expression with A;
replaced by Ay. Note that (14 S4)22(1 — 54)% = (—1 4 54)2, so that we may assume that
{0} € A;. Finally, since for Z ~ N(0,1), EetZ = ¢!*/2,

—:—:Sa — SAI Z — 1
e T mad — gVl S viaT —EHcosh< )§E612 - — <oo.  (45)
|A1] Ve

€A

Since |R{&| = k, and |Ry| = r we can apply Lemma 1 (note that both r/k, and 1/r are o(1)
and thus clearly < 1—e when k is sufficiently large), so that indeed E e31Yal is bounded. Using

(x +y)" <27 (2" + y™), it is straightforward to show that for t* = (—k%, -=)

1
EY < C’( ES% + % 0 ES%lESf%g).

We obtain, using (35) and |Ry| = r, |R{| = kr,

EYS <cf = oL ’

k3 - 8r 2k, /)
5 11 1 8 1\
E|Y,| <C(ﬁ+@ESRI><C(ﬁ+@><C(& 2/{).

This completes the proof of the lower bound for H 1&22

Similarly,

Step 2: upper bound for H ,gQT) We will define an appropriate ellipse £ with 0 € £°, the interior
of £. In order to show that the supremum of —logh(t) is attained in £°, it is sufficient to
show that on the boundary of the ellipse h(t) > 1. Since h(0) =1 and h is log-convex, we can
then conclude that h(t) > 1 outside the ellipse and thus the supremum is never attained there.
Indeed, whenever t € £, there exists a unique 0 < a < 1 such that at € 0€. From convexity of
h and h(at) > 1 it follows that

1 < h(at) = h(at+ (1 —a)0) < ah(t) + (1 — a)h(0) = ah(t) + (1 — a).
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It immediately follows that h(t) > 1. Whenever t € £°, we can prove the desired upper bound.
We often minimize h(¢), rather than maximizing —log h(t). Note that we have

h(t) > 1+EY, +EY?/2 +e(t),

where according to (41), e(t) > EY,(Y,2/2+ Y2etYe /24). Substitution of the moments in (38)
leads to

h(t) > 1+tir+ty+t5rk./2+2t3r + EY,Y?/2 (46)

P (IS I Ay (P 2+2 ty+ L 2+(t)
sr ok ) Tt T "\ e

1 1\? 1\? 1 r
= L ZTRy T - < = .
& {t 27“/€ (t1 + k'7-> + 2T<t2 + 47“) 2(87‘ + 2]{;7‘)}

Note that the ellipse indeed contains ¢ = 0. For t € O we have by the triangle inequality

Define

1
)1/2/(7“]6,)1/2’ |t2| < C(f + L>1/2/T1/2.

1 r
< P T
[l < (g, + Sr | 2k,

- 8 2k,
Concerning e(t), we use the Cauchy-Schwarz inequality to bound EY,Y? for t € &,
[BY,¥2| < (BY2)(BYH,

For convenience we further use Hélder’s inequality in the form E|Z|P < (E|Z|9)P/9 for p < ¢
and any random variable Z to obtain'

|EY, Y| < (EYHYHEY])". (47)
Using (z +y)™ < 2"~ (2™ + y"), we arrive for ¢ € £ at
1 4 T )2 .

1 T \2
L L4
EY} < C(t‘fES%l+t§1)§0(t‘fr4+t§)§0<(8rr LI +(8’° 2’“’”)> (48)

1 r 4
< —
- C<8r+2kr> ’

EYS < C(t?ES%ES%I +t5ESE) < C{irPkd +t5r%) (49)
(81 +i)3 (ijL T )3 1 r 3
< C T r 3]{?3 8r 2k, 3 <cl = )
- ( r3k3 Ty r3 T= 8r * 2k,

2

This implies |EY, V2| < C’(;T + .
For the second term in e(t), we use (Y, < [Y,| as. (since [¢| < 1), and Holdér’s inequality
twice to obtain

|EY21Ya4eCYa| < (EYa4)1/4(E YaG)Q/B(E 612|YQ‘)1/12.

The product of the first two expectations on the right-hand side are bounded by (é + ﬁ)a

by the bounds (48) and (49), so it suffices to show that Ee!?Yal is bounded. Following the
approach in the lower bound (see (44)), this fact follows from Cauchy-Schwarz and Lemma
1, together with the bounds on ¢; and t;. We therefore conclude that for all ¢t € € and k
sufficiently large

1 T 1 T
> — — — J—
h(t)_l—l—(sr-i-%r)( 142 C<8r+2kr>>>1

and thus we can conclude that the infimum over h(t) is not attained on the complement of the
ellipse. From (46), we know that for t € £,

hy>1—+ - L (e L 2+2'r a4+ — o 1, 2
=% 2k, 2 U T g, 2T 4y s 2%k, )
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It is clear that the minimum of the right-hand side is attained at ¢t = (—-, —+) and this leads

kr
to

irtlfh(t)>1_<81T 2;)(”0(1 o )>

Finally, the derivation in (43) completes the proof of Proposition 1.

4. Asymptotic behaviour for general s

In Section 3, we have demonstrated a technique to deal with the asympotic behaviour of
H 122), using Taylor series expansions of moment generating functions and an ellipse argument
to deal with the arising minimization problem. In this section, we will show that the same
technique enables us to investigate multistage HD-PIC. Of course, for s > 2, the analysis
becomes more involved. The main result is Theorem 2, an extension of Theorem 5 for general
fixed s. The proof is based on Proposition 2, which is the extension of Proposition 1. We will
need some additional notation. Deﬁne for1 <o <s—1, R, = {m :sgnr,, (Zﬁf)) < 0}. We
take by definition Ry = {0,...,k — 1}, Rs = {0} and RS+1 = (), the empty set. For s = 2, we
have Ry = {1,...,r}. Simﬂarly to s = 2, we will investigate the situation where we include

the configuration of signs of (ZJ(U))?:O denoted by R = [R1,..., Rs—1]. Thus, we introduce

1
H{), = — lim —logP A Z() :
R im — log ( m { max sgnr, (Z:7)) <0 ﬂ min sgnr,, (Z7)) > 0

n—oo 1 me meRS
1<o<s 1<o<s—1
(50)
Similarly to the case s = 2, we then have H( ) = = ming H( ) In particular, this shows that

the exponential rate of the bit-error probability H () ip (11) exists. We have proven in the

previous section that H(2) (& + 7:)(1 4+ O(g& + 57))- The analog of ¢~ + - for general s
is given by
19~ - | Ro|
== 4 o> ) o1
2 ; |R071‘ ( )

The following result is the key ingredient to the asymptotics of H ,gs). The proof is deferred to
Section 5.

Proposition 2. Fiz 1 < s < oo. When H = o(1) as k — oo, the two following properties for
H{*), hold:
()

HY) > H(1+O(H)).

(i) When Re = {30, _ . |Ror| +1,...,3 0, _ |Ror|} for all1 <o < s—1, then
H) < H(L+O(R)).

Remark: For s = 2, the additional condition in (ii) follows from exchangeability.

Proposition 2 is the main ingredient to the asymptotics of H ,is). However, we need the
following additional fact:

Corollary 2. Fiz o > 0. Let Ay, A2 C NU{0}. When |A1]/|A2] — 0,

. 1 1 i 0&2‘All |A1‘
_ il - - - >
JEEOnlogP(n%aji{a* OIEDY AJZA”“} <0)2 24, 'O\ A

i=1 jeAz\{m}

The proof is similar to the proof of Proposition 2 and is sketched in Section 6.
Proof of Theorem 33. Since H ,gs) =ming H lgs)E substituting a specific configuration (R, )3

o=1

leads to an upper bound of H ,ES). We substitute the hierarchical configuration with |R,| =
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[(k/4)=9)/5] = (k/4)(5=9)/s(1 + O(k~(=9)/%)) in H(1 + O(H)) (recall Proposition 2 (ii)) to

obtain i
/4 1
g < 2 <1+O<>).
P8k vk

Thus, it is sufficient to prove that

/1 1
H = min H®), > minH(1 + O(H >S‘[<1+0< )) 52
k mén k,E—mén ( ( ))*8\7% r (52)

The first inequality follows from Proposition 2 (7). So let us investigate

ménH(l +O(H)) = R min  H(1+ O(H)).

1,R2,...,Rs—1

Since H is a function only of the cardinalities of R, this equals

H(1 + O(H)).

min
|R1|€N,...,|Rs—1|EN

We replace the condition that |R,| € N by |R,| > 1; this will result in a lower bound of ngs).
It has the main advantage that it allows us to differentiate with respect to |R,|. Let us first

assume that | }l%R"‘l =o(l) for all 1 < 0 < s. When £k is sufficiently large, there exists an

M > 0, such that H ksj)'% > H — MH?. Putting the partial derivatives of the lower bound with
respect to |Ry| equal to zero leads to

; (41{61} |Rot1]
|R<f*1| |Rtf|2

>(12MH) =0, forallo=1,...,s

Since H = o(1) it follows that when k is sufficiently large, the condition for a minimum is

<4ﬂ{”1} [Rot1]
‘R071| |RU|2

)O, foralll <o <s,

leading to |R,| = (k/4)(*=9)/s. Substitution yields (52). We note that we are allowed to
substitute |R,| = (k/4)*=9)/5(1 + O(k~'/*)) without changing the order of the error terms.
This proves for example that for s = 2 we have r, = %\/E + O(1). We finally need to rule

out the possibility that |‘ ‘:ll‘ is not o(1) for some 1 < o0 = o* < s. Clearly |Ry+_1]| — 00;
otherwise the rate is strictly positive uniformly in k. Since P(A < 0,B < 0) < P(A < 0), the
rate of the event

(o) (o)
1<O< {g}gg{ sgnr(Zy7)) < O} 1<O<g{nrlglf%lc sgnr(Z,7)) > O}

is bounded from below by

1 n
lim —— 10gP< max { ( + 2V o2z X‘iXmi) } < 0)-
n—oo n 1 j€§71 !

1=
j#Em

The event {max,,cr_.{...} <0} is clearly increasing in |R,+|. Replacing R, by an R’ C R,~
will result in a decrease of the above rate. Taking |R'| = [4sV/4|R,_1|/¥/k] and using Corollary
2 gives

lim —logP< max { 21—1—21{6 >2} Z inXmi} <0)

|R'| sv/4 5\/41 1
> g o) 2 oz o) > SR (140( 7))

when k is sufficiently large. In other words, when |I‘?,Ri|1\ is not o(1) for some 1 <o =o0* < s,
the minimum is not attained. This completes the proof of Theorem 2.
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5. Proof of Proposition 2

We shall prove Proposition 2 as much as possible along the same lines as Proposition 1.
Substituting sgnrm(Z,E,f)) in (50) and using similar bounds as in (25) yields

s s—1
) _ _ Jim L > (o (o
Hp = — lim nlOgP<D1{r¥zneaRXa Z7) < 0} pl{n?en}% Z) > 0}), (53)
where

_ 1 <&
7)) —1 1io>0y = X
. + 2 g - E XmiXji
JERs—1\{m} =1

Step 1: Proof of the lower bound (i). Since we deal with a lower bound, we are allowed to omit
certain events. More precisely, in (53), we discard the events {- > 0} and we replace max,,cr,
by >,.er, (because P(maxyepr, - <0) <P(32, cr - <0)) to obtain

s 1 - >
H,g‘j%z—nlggonloglv(ﬂ{ >z go}).

o=1 “meR,

where Y; is an i.i.d. random vector with coordinates

Yoi = Y. {1+2ﬂw>2} > XmiXﬁ}
mER, JERs_1\{m}
= |Ro|— 2422 R, N Ry [+ 247220 > Xy Y X
meR, JERs—1

and where for a vector x, we write z < 0 to denote that each entry of z is less than or equal
to zero. In the last equality, we have used that ZjeRg,l\{m} XjiXmi = ZjeRgfl XjiXmi —
Vmer, 1y and >0 cp Limer, ,} = [Rs N Ry—1|. Cramér’s Theorem gives

H{*) = sup{~log h(t)},

<0
where h(t) = Ee<t¥1> is the moment generating function of Y;. The area t < 0 naturally arises
since we are dealing with events of the form {- < 0}, which implies that all ¢;’s are non-positive.
We often prefer to minimize h(t), instead of maximizing —logh(t). We invoke the notation
Sa = jeaXj1, which we have introduced in (34). Note that R, = R, U (Ry N Ry—1) and
that Ry_1 = R;il U(Rs N Ry_1), where RY = R,\Ry,1+1 and R, = R,\R,_1. Recall that
for s = 2, we have Ry = {0,...,k—1} and Ry = {1,...,r}, so that Ra' ={0,r+1,...,k—1}
and R} = ). For convenience, we split the inner product (¢,Y7) =Y, + Y,, where we use the
expressions for R, and R,_; above and define:

s 2
Y, = Zta{Rg|—21{”>2}|RgﬂRg_1+2]1{">2}( > XﬂH

o=1 JERsNRs_1

S [ T A AR EE

o=1
w e el (E ) (E, )T, )
it jERS jERY_, J€Rs 1Ny JERSUR]

S
= D to2 [SR; Spr, SRUI“RGSR;uRi—l] '

o=1
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Similarly to s = 2, we have EY, = 0. However, for general s, EY,eYs # 0, EY3eYs £ 0, so
that we have to deal with additional error terms. We substitute ¢} = —4~ e /\Rg_l\, which
will lead to a lower bound of the rate. We will prove that h(t*) < 1 —H + O(H?). Since
—log(1 — 2 + O(z?)) = (1 + O(x)), the claim in (i) then follows. We have (recall (39))

1
h(t) =1+EY, + 3 EY? +e(t),

where e(t*) is given by the right-hand side of (40). Similarly to (42) we use (Y, < |Y,|, Holder’s
inequality and the fact that E |Z|P < (E|Z|9)P/9 for p < q and any random variable Z to bound
e(t*). Using this gives that e(¢) is bounded from above by

2/3 1/3 1/4 1/3
EY?+ <E Yf) (E 6”“') +EYYo + <EYq4> (E Yf) (54)

1/4 1/2 1/4 2/3 1/12 1/2 1/2
+(EYq4> (EYf) +<EYq4) (EYf) <E612Y“|> +<EY;e2<Yq> (EeQYa>.

Since Y, < M a.s. and H — 0, we have E|Z|e?/2Ys < 2E|Z| and E|Z[e*¢Ys < 2E|Z| for any
random variable Z when k is sufficiently large. As a result we can discard the factor e?<¥e in
(54). We will prove that EY, and EY,? are the main contributions to the rate and that e(t*)
is of lower order. We have

S
EY;] = Zt; |:|Ro| - 2]1{622} ‘Rafl N RU' + 2]1{”22} ESIQ%G—NTRU:|
= t R = 4~ l(d>2} U| 2H7
Z 5| Ro| = Z Roil
Moreover,
2
,EYQ Z4l{v>2} {S ~Spt +SRU10RUSRUUR::1] +e(t),
where
e (t*) = Z t;t;zl{azz}ﬂ{a/zz}
1<o<o0’<s

X E{{SRU SR;ﬁ' SRamRaSleuRo} {SR SR+ 1‘*‘ SR,i_4NR, /SR JURY, 1}}
A straightforward calculation gives that
ESR;SRj;ilsRUﬁRﬂflstilUR; =ESRr.nr, 'ESR;SRLISRLIUR; =0,

because either the first or the second expectation equals zero. Substituting this results in

1 . 1 Losa 2 "
§EY¢1:§Z4{ H(t5)? [5 _She 1+SRU 1R, S UR+1}+61(t)- (55)

o=1

Furthermore, because

B[S} Spr  + Sk, nr, S

2 one )= IRZIBE L+ (R; |+ RS DIRs 0 Ry

and
[RZ IRy |+ (RS | + |Rg_1[)IRe N Romt| = |Re||[Ro—1] = |Re N Ro—1[* < |Ro[Ro—1l,
the first term in the right-hand side of (55) is bounded from above by

S

1 4722 | R, |

="H.
|R<7—1|

1 S
5 D 4t P R | Rya| <

o=1 o=1

Concerning e; (t*), the following lemma will be useful.
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Lemma 2. Let Ay,..., A4 CNU{0}. If AN Ay =0 and A3 N Ay =0, then
(i)
0 <ESA,54,54,54, < |As||A4],
(i1)
E‘“5'12415’A$SA4 = 2|41 N As||A1 N Ayl < 2min{\A1|2, |As||A4]}.
Proof. See Appendix A.

We observe that for every o, 0’ four cross terms are present in e; (t*). Each cross term is the
expectation over the product of four sums, and fits precisely in Lemma 2. For example, take
for the first cross term Ay = R, Ay = Ri_l, As=R_, and Ay = R:,_l, then from Lemma 2
it follows

0< ESR;SR<11SR;/AS’R(J:,_1 < |Ro||Ror—1|-

Thus, using that ¢ <0 for all o and applying Lemma 2 repeatedly gives

@) <0 Y GtlRlRe =0 Y el co sy el el o,

1<o<0’<s 1§a’<o"§s| 071‘ a 1<o<0’<s |RU,71| ‘Rail‘ a
since o < ¢’ — 1 and thus |R,| > |Ry—1|. We have shown that
h(t*) <1 —2H+H+O(H*) +et*) =1 —H+ O(H?) +e(th).

To complete the proof of (), it is sufficient to prove that Ee3lYal Ee!2lYal and Ee?Ye are
bounded, EYS = O(H?), EY,;Y, = O(H?), EY? < 0 and EY;! = O(H*). Indeed, by (54)
it then follows that e(t) < O(H?). The remainder of the proof of (i) is focused on the five
statements above. Using Ee*/Yel < Ee*Ye 4+ Ee~*Y= and following the argument of (44), the
moment generating functions E e3Yal Ee!2Yel and Ee?Ye are uniformly bounded by Lemma
1. Furthermore, by independence of S,- and SRLN and of Sg, ,nr, and Sp- g+

o—1

6 *\6 6 6 6 6
BY < C) (&) [ESRGESle —i—ESRGmRaESRauRjJ
o=1
< ci(t*f {|R‘|3|R+ >+ |Ry—1 N R, |*|R,; URS 3} <ci |Ro” < CH3.
=~ = o o o—1 (o) (g o o—1 — — |R0—71‘3 >~

Similarly, EYq4 is bounded by

CZ(t;;)4 [Rg|4 + ES%UHRUI] < Cz(t3)4 {|R0|4 + Ry N Rg_l‘ﬂ < CH™.
o=1

o=1
Concerning E Y2, we have

EYag = Z t;t;/t:u E{ |:SRUSR;r1 +SR01I'TR(TSRUUR::1:|

’ 1"
o,0',0

x |:SR0, SRj_l + SRG/_mRU/SRU,uRj,J |:SRU,,SR:,,1 + SRau_lﬂRaN SR;,,UR+ } }

o1
Since all t; <0 and
Eli[SAiZO for all I, Ay,...,A; € N. (56)
i=1
we conclude that EY? < 0. Finally, EY,Y, equals
E{ Sty {|Rg — 2422 Ry N Ryy| + 21‘”>2}5123mm_1]

1<o<s

1, s
X Z ta”2 {o">2} |:SR0/ SR:’—l + SRU,ilng, SR;,UR+ :|}

o/ —1
1<o’'<s

o Lio>oy+L / 2
= E totg 2oz e/ 2s ESY (b {SRU/SR}_l + SRU,,lnRa,SR;,Um }

o/ —1
1<0,0'<s
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By Lemma 2 (i), we can bound this by

D ot 2oz M0 2R, N Ry P+ Y tte 212 o229 Ry N Rys || RY,_ U R,

1<0’<0<s 1<o<o0’<s
| R | |Ro || Ror—1] 2
< C +C 1 <CH
1<U’Z<U<s B[ [Ror—1] 1<0'<ZO"<S [ o] [ Ror—1] ’

since |Ryr—1| > |Ro—1| whenever 0’ < o and |Ry/| < |Ry41| for o/ > o + 1.

Step 2: Proof of the upper bound (ii). An essential ingredient in the proof of the upper
bound for s = 2 was exchangeability. For s > 2, the set of possible configurations R is
large and this prevents us from using exchangeability. Therefore we restrict ourselves to
Ro = {30 g1 |Ro| + 1,300 1 |Ro|}, e, we take the R,’s to be disjoint. By
exchangeability, we have that all users within one of the groups R, or the group R{ =
Ro\{U:_,R,} behave the same. We first write (53) as

1
— lim —logP zZ\7) <0 Z(7) >0 Z\7) >0
Jim > log ( M {;31 N .=, (1 i

1<0o<s 1<o<s—1 1<o<s—
- 1<o’<s,o'#o -

Existence of H 1&31)?, follows from Cramér’s Theorem. Using convexity of a suitably chosen I,. (as

n (26)), we can sum over the users in each group, so that we can prove that H ,(CSI)% equals

i toer( N{ X z0<0} N { X 20200 N {T z020}).

1<o<s"m€ER, 1so<s—1 “meR_/ 1<o<s—1"meRj
1<o’/<s, 0’ #0

The events {ZmGRU Zy(,f) >0}, 1<o¢' <o<s—1land {ZmeRg Zy(f;) >0},1<0<s—1turn
out not to contribute to the rate, even though we can only prove this when H is sufficiently
small, as shown in Appendix B. Here we suffice with the statement of the result.

Lemma 3. Let

A LR AR

1<o 1<o<o’<s “m€ER_/

Then, for k sufficiently large,
i = i)

We will prove that at stage o, only the block R, contributes to the first order of the rate. The
blocks R/, 0’ > o contribute only in lower order. In Figure 4 the situation is shown. We are
left with an s(s+ 1)/2 dimensional problem that reads

HE) < 1 15 . 15 NS

where (Y;)_, are i.i.d. and s(s + 1)/2 dimensional and its components are given by

ZXmZZXm“ 0'2171§0'I§S,

Y o meERy meR,/
(o) Rorl4+2 Y Xpi Y Xy, 2<0<0' <s.
meR,_1 meR,/

Let h(t) = EetY1). Cramér’s Theorem gives

HY") < sup{—logh(t)},
= teD
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lower order

N > N

SRR SN T SO R S P
stage 1 . .:ooogoooogoooooog...i ) . ®
stage o — 1 . ®
stage o
stage 0 + 1 . ®
stage s — 1 . ®
stage s

first order
user —
FI1GURE 4: Configuration, [1 means Z,(qf) < 0, e means Z,(,f) > 0.
where

D={t:ty, <0foralll<o<s, while t,, > 0foralll <o <o’ <s}. (57)

The domain D arises from the form of the event of interest % > Yioo) <0, % > Yi(oo) >0
for all o’ # o. To prove the claim in (i), we will define an appropriate ellipse £, with 0 € £°,
the interior of £. Similarly to the proof of the upper bound on H,g227 we will show that h(t) > 1
for all t € €N D, which implies that the infimum over h(t) is attained in £°N D since h(0) = 1.
Indeed, whenever t € D, but ¢t & £, there exists a unique 0 < o < 1 such that at € 9 N D.
Convexity of h and h(at) > 1 implies

1 < h(at) = hlat + (1 - a)0) < ah(t) + (1 — a)h(0) = ah(t) + (1 - a)

so that indeed h(t) > 1.
We write (¢,Y7) =Y, +Y,, where

D SUP SN SRy 59)
o'=1 2<0<0’'<s

Yo=Y toSr\R, SR, +2 D lowSr, 1SR, (59)
o=1 2<0<0’'<s

= (t11SRO\R1 Sr,+2Y tooSk,_, SR(,) + (Z t10Sr, Sr\R, +2 Y too Sk, SRG/> ;
o=2

o=2 2<0o<0’'<s

where we have split according to the signs of the t’s. We have
h(t)=1+EY, + %EYf + e(t),
where, using (40) and EY, =0,
e(t) > B|Y2/6+ Y, (Yo +Y2/2+Y2/6 + Y etV /24)|.
Observe that for all 2 < o < ¢’ < 0" < s,

ESpo\ri S Srnr, Sk, = |Ril[Rol
R Ro” =2
ESRO\RlsRlsRU,ISRU, = | 1|| | o

0 elsewhere
R,_1||Ry] o/=0c—-1or o =0
E SR, 1SR, SRo\R,/ SR, = l) | elsewhere

ESr, ,Sr,Sr, Sk, = 0.
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Together with (56) and ¢, , < 0, while t, ,» > 0 for all ¢ < ¢’, we arrive at

BY, = 33 tow|Ro|

o=1lo'=0

EY}? > #]|Ro\Ry||Ri| +4) 2 ,|Ro1||Rs| (60)

o=2

+ Yt} |Ro\Ro| |Ror| +4 > 2 ,/|Ro—1||Ro|
=2

2<0<0’'<s

S
#3201 (001 Rl1 Rt + 21 R Brca |+ 21 il Rl [Ror)

o/=2

S
+ > taortn|Ri|| Ry

o'=3

The next goal is to write h(t) as a sum of squares, similarly to (46). However, since the situation

is more involved, we need some more abbreviations. First of all, we introduce ¢’ , as follows:
1 _
|RU}R0J|’ oc=o0" =1,
* _ _ — !
ly o = TR, 2<o0=0"<s,
0 2<o0 <o <s.

Below we will prove that these t*’s are asymptotically close to the minimizers of the minimiza-
tion problem sup,cp{—logh(t)}. We remark that Figure 4 then indeed depicts the correct
situation, as t:’;,g,i# 0 only when o = ¢’. Furthermore, we introduce a slight variation on H
(recall (51)):

1 R 1¢, IR
H =+ 2 :
TRV AR

Since 1/|Rp\R1| = (1+O(|R1|/|Rol))/|Rol|, we have that H' = H(1+ O(H)). After completing
the squares (where we have incorporated all cross terms t1 ,t, ,) We arrive at

h(t)=1+EY, +EY/24e(t) > 1 - H + Qr(t) + e1(t), (61)
where
1 : 1 |Ry_1| )
t) = =|Ro\Ri||R1|(t11 —t5y)%> +2 Ry 1||Ro|[1— =221 ) (tpy — tF
Qu) = GIRARIFI (10 +2 3 [ReallRel (1 ) oo 15,
1 - * *
+§ Z ‘RO\R0’| ‘RU’Ktl,a’ - tl,a’)2 + Z |R0—1||R0’|<t0,0’ - tma')Q-
o'=2 2<0<0’'<s
and

S

3 1 )
el(t) > Z 0,2232 t1,0/|R0’| + Z ta,o’ ‘RU’| + g Uz: ‘RO\RO'/||RO'/|t1,O'/

2<0<0’<s =2

1 ¢ | [,—/,1| ? 2
SRR R (t10 + 20—, S Roal[Ror |t
+4 | 0\ || |(1’ + ‘Ro\Rg/|( ) , )) + | 1” | )

o/=2 2<0<0’'<s

S
Z to,ot11|Ri||Ro|

1< 1
=3t [t Rl Ror| 4 21,0041 R || Rev 1
+3 1, <11| 1|[Ror| + 2tor 11,6041 | Rov || +1|)+2 )
o o=

=2
+EY2/6 +EY, (Y, +Y2/2+ Y26+ YieYe/24).
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This is bounded from below by
ea(t) (62)

1 S
=2 2 R\Ro|[Ror ]+ D7 |Roal[Rorlt (63)
o/=2

2<0<0’'<s

S
3 1
#3 tr (31| JruRil R + s s R o]

o'=2

5 1 ) )
+ 2 e (IRa/i + 2fan1|Ra/l) +EY2/6+EY (Y + Y2/2+ Y2 /6 + Ve j24).

o'=3

We next define the ellipse to be

£ - {t  Qu(t) < m}. (64)
We can derive from (64) that for all ¢ € &,
1 1/2
ltio| < 3H? {M] ,1<o<s (65)
/2 1 e /
[teo] < 3H [|Rg/||Rgl|] ,2<o0<o <s. (66)

Now we are in the position to bound es(t) for ¢t € £. However, this is quite involved. For this
reason, we state the result in the next lemma, while we transfer the proof to Appendix C.

Lemma 4. There exists a C, depending neither on k nor on R, such that fort € &,
ea(t) > —CH?.

When £ is sufficiently large (and thus H’ sufficiently small), we now have that (recall (61) and

(64))
h(t) >14+H (-1+2—-CH')>1 for t€dEND

and we needed this to prove that the supremum is attained in £2 N D. We have, according to
(61), forallt € EN D,

h(t) > 1—H +Qgp(t)— CH?.

It is clear that the infimum of the right-hand side of the equation above is attained at ¢ = t*,
where Qr(t) = 0, so that

H) < —log(1—H + O(H?)) = H'(1+ O(H)).
Since H' = H(1 + O(H)), this completes the proof.

6. Proof of Corollary 2

The proof is analogous to the proof of part (i) of Proposition 2 and is therefore only briefly
sketched. First of all, we are allowed to replace max by > (because P(max- < 0) <P} - <
0)). Thus, we are interested in

1 1 —
— 1 f— f— . < = — tYl
nh_{n - logP(n E_l Y, < 0) r{lgagc{ logEe },

where
Y, = Oé|A1| — |A1 ﬁAQ‘ + Z Xoni Z ij

meA; JEA2
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We write tY; =Y, +Y,, where qut(a\Aﬂ —|A1 N As| 4+ 54,n4,) represents the quadratic part
and Yagt(SAl\A2 Sana, + SAI\AzuAQ\AlsAmAg) represents the asymmetric part with mean
zero. We substitute t* = —a/|As|, which will lead to a lower bound of the rate. We write
(recall (39))

* 1
ht*)=Ee' ™ =1+EY, + 5EYa2 + e(t"),

where e(t*) is bounded by (42). Using the same techniques as in part (¢) of Proposition 2, we can
show that EY, + 1 EY? = a?|Ay]/(2As]) + O(|A1[2/| As[2) and that e(t*) = O(| 41 [*/| A]?).
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Appendix A. Proof of Lemma 2

Proof of Lemma 2 (i). We will prove that E S4,54,54,54, < |As||A4]. Note that ES4, <1
and that E S, S4, = |A1 N As|, regardless whether {0} € A; U A3 or not. By symmetry in Aj
and A4, we may assume that 0 ¢ A,. We perform induction in |A4]. When Ay = {i} # {0},
we have

0 (i} & AU Ay U Ay,
ESAISAQSA?’UZ': ESAlESA2SA3§|A20A3‘S|A3| {i}GAl,{i}gAQUAg,
ESA2ESAISASS|A1QA3‘S|A3| {Z'}EAQ,{Z'}gAlUA;g,

so that for |44 = 1 the claim is true. Next, we write Ay = A} U {i} for some ¢ # 0. By
construction, i cannot be in Ag, but it can be in A;, A5 but not both. Suppose the claim is

true for |A4] = n — 1. Then for |44] = n, we have three cases.
Case 1: {Z} é A1 U A2 U A3. Then

E S, 54,854,584, = ES54,54,84,54, < |As||AY] < [A3]|A4].
Case 2: {i} € Ay, {i} € A2 U A3. Then Sa, = Sya, +U; and Sa, = Sa; + Uj, so that
ESAISA2$A3SA4 = ESA2SA3 +ESA/15A2SASSAQ < |A2 ﬁA3| + |A3HA£1| < |A3HA4|.

Case 3: {i} € Aq, {i} &€ A1 UA;. This is identical to case 2, where A; and As are interchanged.
We conclude by induction that the claim holds for all Ay.

Proof of Lemma 2 (i1). Compute
E5i15A35A4
= ESA,Sa0 4, 5404, + ESA, Sagna, Sana, +ESA, Saga, 54,04, + ESE Sa,na,54,04,

= ESiISAgﬁA15A4ﬁA1
= 2ESA1ﬂA35A10A4SA3ﬁAlsA4ﬂA1 = 2|A1 N A3||A1 N A4|'

Appendix B. Proof of Lemma 3
For convenience, we introduce the event

B, = ﬂ{zmlgo} N {Zmlzo}

1<o<s “m€ER, 1<o<o’'<s “m€R_/

By definition, H ,ES)E = —lim, % logP(B,,). Clearly,

P(B,) = P(Bn N {Z Zf,j’llzo} N {Z Zﬁﬁlzo}) (67)

1<o’<0<s—1 “m€eR_ s 1<o<s—1 WZERS'

oY (5 2] U (5 o))
1<o’<0<s—1 “m€ER,_ 1<o<s—1 mERS’

According to the “largest-exponent-wins” principle we have that H ,gsl)% is bounded from above

by the minimum of H ,ES)E (the rate of the first term on the right-hand side) and the rate of

second term on the right-hand side. The proof is complete when we can prove that H ]gsl){ -0
and that the second rate is bounded from below by some § > 0 independently of k. The first
fact follows from Proposition 2, even though we omitted the tilde. Concerning the rate of the
second term on the right-hand side of (67), we have

(o U {5 2} U [ 2]

1<o’<0o<s—1 “meR,/ 1<o<s-—1 mERSr

< 3 P(Z Zf,;’llgo)+ > P(Z Z};’llgo)

1<o’'<0<s—1 meR,/ 1<o<s—1 MGRSF



Improving the performance of 8G systems 29

Again we can apply the ‘largest exponent wins’ principle, so that it is sufficient to show that
all rates corresponding to the probabilities on the right-hand side are larger than some § > 0.
We distinguish four cases:

n 2
(l) 1§O'/:0'—1§8—22 Z Zr(rcLIJ)rl:]-Z2< Z Xﬂ> _|Ra'71|

meER,_1 i=1 JERs -1
(i) 1<o’ <o—1<s-2: Yy Z7), Z(Z)@)(Z in>+Ra,|
meR ./ i=1 JER ./ JERs_1
(iid) 0 =1: Y2, = Z( > X]Z> ( 3 Xﬁ) ( 3 Xﬁ)
mERY =1 JERO\RS jeRY
(iv) 2<o<s—1: Zz@lzlz (Zxﬁ)(z in)+|RJ-
meRY i=1 “jer} JERs_1

Note that case (ii) and (iv) are essentially the same by replacing R,/ with R, so we have to
deal with three cases only. For finite |R,_1|, |Ro/| and |Rg |, it is clear that all rates are strictly
positive. Thus, we only consider the situations where |R,_1], |R,| and |Rj | tend to occ.

Case (i):

c o1 (o)
— 1 — <
Jim nlogP( E Zm+1 O)
meR,_1

—t|Ry— 1|] 1—t|RU,1|

2tS%
= sup[—logEe o1 1ogEe Ro—
t<0 t=—1/(4|Ro—1])

= _l_logEemﬁoll‘SR —1
4

Define Yy, = exp(fﬁéal). Then clearly Ya, 2 e=2°/2, where Z<N(0,1) for |A;| — oo.
Furthermore, Ele < oo for all Ay, which easily follows since Y4, <1l a.s. and -1 <1—e. It
follows from [9], Example 7.10.15 that as |A;] — oo,

1

v1-2t

EYs, — Ee 77/% =

t=—1/2 V2

This directly gives

. 1 = (o) 1 1
— lim logP< Szl <0> > 5 log2 — 7 =0.0966 > 0.

n—oo N
mER,_1

Case (ii) and (iv):

— lim logP( Z Zerl <0> = sup|— 1OgE€2tSR /SRyt Ry |]

n—oo N
- meR t<0
2t2S%, |Ro—1|+t| R,/ 21252 |R,_1|+t|R
> sup[—logEe”" 7 o | B+l |] —logEe* Sr/! 1|+t Ry
=0 t=—1/ (/TR TR, 1)
— |Ra”| IOgEGS‘R \SR,.
4Ry

We bound |R,|/|Ry—1| by 1, so that a similar derivation as in case (i) results in a lower bound

for this rate of i %log(l —1/4) = 0.1062 > 0, provided that Ee‘”Ra"SRa’ < 0o. This easily
follows from (45), together with ¢ = 1/2.
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Case (7i1):
. 1 5(1) tS?  +S 4+ S +
~Jim g P(( 3 241y 20) =supl-toge! R i T
mER;r -
tS% . +25%  |Ro\R{|/2 tS2  +t25%  |Ro\R{|/2
> sup[—logEe R "Rl o ] > —logEe #i RS oo
£<0 t=—1/(4|R{ )

—1 ( \RO\RE,"\) 2
= —logEe"| ARG 1) TR

We bound |Ro\R{|/|R{| by 1, so that a similar derivation as in case (i) results in a lower
bound for this rate of 1 log(1+ 3/8) = 0.1592 > 0. We conclude that if & is sufficiently large

we have H és)ﬁ =H ,ES)E

Appendix C. Proof of Lemma 4
Recall the bounds on t1 , and ¢, in (65) and (66). We rearrange the terms of (62) to get

u 3 1
@ = 3 (Mol + JulRallRo | 11 R ] (69)
o'=2
> 1
+> tao <Rg/| + 2t11|R1|R0/|> +EY,Y,
o'=3
1 S
+3 > IR\Ry/||Ro'|t] o+ > |Rooa||Rorlt2 .o + EY2/6
o’'=2 2<0<0’'<s

+EY,(Y2/2+Y2/6 4+ Y et /24).

We will treat the terms on the different lines of (68) separately.
Step a: First line. This term is easy to bound. Indeed, for t € €N D (recall (57)), it follows
from (65) and (66) that

3 1
t1,0/ | Ro| <4 + §t11|R1\ + tU’+1,o”+1|RU’+1>
3 3 Ry |12 |Ro41]
> t of Ro” 7_71)_[/1/27_37_(/1/2 (4
> ol (37 IV RIETARE
>

3
t1’01|Rg/|<4 — CH/> > 0,

when k is sufficiently large, since t1 ,» > 0 for ¢’ > 2. This immediately implies that all terms
on the first line are positive.
Step b: Second line. A similar derivation as in Step a gives that

> 1
>t (|Rc,/| + 2t11|R1||R0/|) > 0.

o’'=3

Concerning EY,Y,, since EY, = 0, the constant term in Y; gives no contribution. Furthermore,

when we use (56) and
ES% Sro\rSrR, =0, 1<0<s,
E512%1SR”_lSR‘7 =0, 2<0<s,

we arrive at

S S
EY,)Y, > E{ (Z tl,o'5%6,> (75115130\1?,1 Sr, +2 Z to,oSR,_, 5&) }
o=2

o'=2

—‘rE{ (t1715}2%1> (Z tloSRUSRO\R(, + 2 Z t07U/SR01$RUI>} =0.

o=2 2<0<0’'<s
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Step c: Third line. As seen in (59), Y, consists of a term with negative factors (¢, ) and a
term with positive factors (¢,,,/). Writing (z + y)® = 2% + 322y + 32y® + ¢ and using (56),
we bound EY? from below by

s 3
E(tllSRO\RlSRl +2ZtU,USRa1SRg> (69)
o=2
s s 2
+ 3E<75115R0\R1 Sr, +2 Z tU,USR(,lSR(,) (Z 1165R, SR\ R, 12 Z ta,a’SRglsR,/> .
o=2 o=2 2<o0<0’'<s
Since
ES?%O\Rl 5%1 = 07
ESRG_1SRUSRU/715RU/SRU//flsRU// - 07 2 S a, 0'/70'1/ S s,
0 o=
2 2 _ ) 9
ESRo\RlsRlsRU*lsR“ o { |R1||Rs—1]|Rs|, 3< 0 <s,
the first term on the right-hand side of (69) equals
12t11taats3| R || Re|| R3] + 6t%1 Z to,o|R1||Ro—1||Reol- (70)

o=3

We use (65) and (66) to obtain that (70) is O(H'?). For the second term of (69), we use
Cauchy-Schwarz:

2
Z tc,’g/SRa_lng,)

2<0<0’'<s

‘E<tllsRo\RlsR1 +2 Z ta,JSRU_lsR(,> (Z t165R, SRo\R, 2
o=2 o=2

s 2
< (E (tuSRo\RlSRl +2 Zta,ast,lSRc,) )
o=2

s 4\ 1/2
X (E(Z tlU'SRU SRo\Ro + 2 Z tU7U’SRg1SR,,/) ) .
o=2

2<0<0’'<s

1/2

Using (65), (66) and (z + y)? < 2(2? + y?), it is straightforward to show that

s 2 1/2
<E (151151?,0\1?,1 Sg, +2 Z to,0 SR, SRU> )

o=2

s 1/2
(2 E (ﬁlsgo\& 82, 143 t§705§615§6>)

o=2

IN

s 1/2
21/2 <t§1|Ro\R1||Rl| +4> t§,0|R[,_1|R[,> < CH''/?

o=2

and, using (z + y)* < 8(z* + y*),

s 48 1/2
(E<Z 1165R, SRo\R, T+ 2 Z to,o”SRglsRa/) )

o=2 2<0<0’'<s
s 1/2
< (8<Zt;*c,|Ro|2|Ro\Rg2+16 > tﬁ,J,RUﬂRg/F))
o=2 2<o<o’'<s
S
< O(SAIRARNR +4 3 2 olRea R
o=2

2<0<0’'<s
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so that for the third line of (68), we obtain

1 S
5 O [R\Ro B85+ Y [Roal|Rorlts o + BY, /6
/=2 2<o<0o’'<s
1 /1/2 /2 2 2
> (g —CH Z|R0\Rc,|\Ra 1+ (1 —=CH'?) Y |Roa||Ro|t 0 — CH? >0,

o'=2 2<0o<0’'<s

when k is sufficiently large.
Step d: Fourth line. Concerning EY,(Y,2/2 4+ Y2/6 + Y2etYa /24), clearly
|EY,Y.| < (EY)VHEYS)Y?,
[EY,¥2| < (BYHVAEYSY?  and
| E YIJY;LGCYQ | < (E Yq4)1/4(E Ya6)2/3(612|Ya‘)1/12.
Thus, in order to prove that EY,(Y;2/2+Y2 /6 +EY, Y e¢Ye) = O(H'?) for t € £, it is sufficient

to prove that EY;;1 < CH"* EYS < CH"? and Ee'?2lYal is bounded. We show that, now using
(65) and (66),

EY(I4 < Czt%,0’|Ra'|4+ Z t§,0’|RU"4
= 2<0<0’'<s
4 HIQ 4
< C IRy |* + s Bl
Z|R/ 1|2|R ? e TR IR
R,/|? |Ra 2
< oy e Rl H* < CH™.
B gz_: R 1‘2 2< z<;/<s> [ Boaf? ™

Using similar techniques, we see that EY,S < CH’3. Finally, Ee'?2Yal can be bounded, using
similar techniques as in the lower bound, together with (65) and (66). We conclude that
indeed |EY,(Y,2/2+ Y2/6 + Y2et¥e)| < C'H'? for all t € £. The four steps together give that
ea(t) > —CH?, which completes the proof of the lemma.



